1
is almost smooth with respect to H°.
The concept of smooth perturbations was introduced by T. Kato in [2] . The importance of the generalization given here is that it allows one to apply the theory developed in [2] to certain one dimensional differential operators which are almost smooth but not smooth. Examples of some almost smooth ordinary differential operators are given below in § 3.
2* The wave operators* Let Ω ± denote the upper and lower complex plane, with the reals excluded, and let / be a function on β ± x § into φ. Such a function / is said to be in the Hardy class 22" 2 ((-°o, °°): Φ) if and only if / is analytic in λ for all XeΩ ± and for all ue£,<5> 0, J" ||/(1 ±iδ;u)\\ 2 dl ^ P\\u\\ 2 for some P> 0 independent of u and δ. An operator ie^(@ is said to be smooth with respect to H° if and only if the function / defined by (λ, u) h^ A(H° -Xl)~ιu = AR\X)u is in H 2 ((~ oo, oo): §) [2, p. 260] . 1] Now we shall make the following assumptions regarding H°, A, B:
( i ) For some N, \\BR\X)E\A m )A\\ ^ K < 1 for m ^ N and for all λ not real positive or zero.
(ii) H 1 = H° + BA is an almost smooth perturbation of H°. It will be shown below that these two assumptions insure the existence of the wave operators in the time independent form. With additional assumptions, one may also show that these operators coincide with ! > Actually T. Kato defines smoothness for more general operators than those considered in this paper.
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the wave operators defined in the time dependent manner. For this purpose we shall also assume:
(iii) For some λ 0 , Im(λ 0 ) Φ 0, the operator |F| 1/2 β°(λ 0 ) is an integral operator with kernel in the Schmidt class.
Let R P (X) G ^(φ) denote the resolvent operators corresponding to the operators H p , p = 0, 1 (in formulas involving both H°, H 1 we shall use p, q = 0,1, p + q = 1).
LEMMA 1 (T. Kato) . Let A, B be smooth with respect to H° and
Proof. The proof is given in [2, p. 263] (1 ± iθ) 
± iθ)w||
Proof. [2, p. 264] . Note that in general the expression iϋ^l ± iϋ)u does not make sense. The uniform bound ||Q|| exists by the principle of uniform boundedness. THEOREM (E p 
Proof. Lemma 2 implies that the terms in the integrand are well defined. The integrands are absolutely integrable functions on [0, oo) because of the hypothesis that A, B are smooth with respect to H\ To see this consider the integral
By the Schwarz inequality (2.3) is dominated by
By Lemma 1,2 the product is less than
3) corresponds to the first term in the integral on the right of (2.2). Bounds may be found for the integrals of the other terms of (2.2) similarly. From the second resolvent equation jβ^λ) = JB°(λ) -one may derive the identity (2.6)
(
Employing (2.6), (2.7) and passing to the limit δ->0 leads to (2.2).
THEOREM 2. Let A, B be smooth with respect to H° and let assumption (i) hold. Then the time independent wave operators Wl
Proof. By Lemma 2 the integrand in (2.8) is well defined and it is absolutely convergent by the hypothesis that A, B are smooth with respect to H°. It is proved in [2] that Wl are in general represented by
The integral appearing on the right side of (2.9) determines a bounded operator XI and (Xζu, v) may be written
Since we have assumed that the spectrum of H° lies on [0, oo) it follows using Lemma 1 that R P (X), p = 0,1 are regular in λ if λ is not real positive. Therefore the part of the integral (2.10) which is along the negative real axis may be deformed and
δo 7Γ J+ Using (2.11) formula (2.9) reduces to (2.8).
COROLLARY.
Then wave operators are also given by
Proof. The proof is similar to the proof of the theorem.
THEOREM 3. Let A, B be almost smooth with respect to H° and let assumption (i) hold. Then: 
Now consider the expression Z n (u, v) defined by To see that the integral in (2.18) is well defined write 
Rp(χ) = S*(X) + jRl(λ) where 22£(λ) -R p (X)E p (A m )
by (2.5) and applying (2.6) one obtains
This implies, again by (2.5),
Now because of the regularity of Sζ(l) for le (1/n, oo) and 12;(1) for 1 G (0,1/ri) we have Im(i2ϊ(l ± ίθ))u = 0 for 1 e (0,1/w) and
for le(l/n, oo). Using these relations it follows from (2.17), (2.18),
the sequence Z n (u, v) converges to the right side of (2.13) and defines an operator Wζe &( §). The operators jRS(λ) converge strongly to R P (X), Im(λ) Φ 0, the operators Wl{n) converge weakly to Wl, n->oo, and Wl(n)Wl = I, Wl{n)Rl(X)W q ± {n) = Rζ(X), n ^ 1. From these relations it follows that the first part of the conclusion of the theorem is valid.
If the hypothesis of part 2 of the theorem holds then the wave operators corresponding to H p exist as defined in the time dependent manner [1, p. 546] . Let us denote these wave operators by Wl. It is easily seen that Wl{n) converge strongly to Wl. Since Wl(n) also converge weakly to Wl it must be that Wl = Wl and the operators defined in the two different ways coincide.
COROLLARY. The conclusion of Theorem 1 holds if the assumption that H ι is a smooth perturbation of H° is replaced by the assumption that H 1 is an almost smooth perturbation of H°.
The proof proceeds along the same lines as the proof of the theorem.
3* Application to ordinary differential operators* To apply Theorem 3 consider a self-adjoint operator H° on L 2 (-oo, oo) which is determined by the formal ordinary differential operator The Supporting Institutions listed above contribute to the cost of publication of this Journal, but they are not owners or publishers and have no responsibility for its content or policies.
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